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INTRODUCTION

[1977]

Hermann von Helmholtz in the History of Scientific Method

In 1921, the centenary of Helmholtz’ birth, Paul Hertz, a physicist, and
Moritz Schlick, a philosopher, published a selection of his papers and
lectures on the philosophical foundations of the sciences, under the
title Schriften zur Erkenntnistheorie. Combining qualities of respect and
criticism that Helmholtz would have demanded, Hertz and Schlick
scrupulously annotated the texts. Their edition of Helmholtz was of
historical influence, comparable to the influence among contemporary
mathematicians and philosophers of Hermann Weyl’s annotated edition
in 1919 of Riemann’s great dissertation of 1854 on the foundations of
geometry.

For several reasons, we are pleased to be able to bring this Schlick/
Hertz edition to the English-reading world: first, and primary, to honor
the memory of Hermann von Helmholtz; second, as writings of historical
value, to deepen the understanding of mathematics and the natural
sciences, as well as of psychology and philosophy, in the 19th century —
for Helmholtz must be comprehended within at least that wide a range;
third, with Schlick, to understand the developing empiricist philosophy
of science in the early 20th century; and fourth, to bring the contributions
of Schlick, Hertz, and Helmholtz to methodological debate in our own
time, a half century later, long after the rise and consolidation of logical
empiricism, the explosion of physics since Planck and Einstein, and the
development of psychology since Freud and Pavlov.

Helmholtz deserves renewed critical attention from scientists and
philosophers. His masterful scientific achievements, even aside from his
philosophical reflections upon concepts and methods, exhibit nearly all
of the contrasting and contending methodological characteristics of the
19th century. Hertz and Schlick chose to focus their attention (and their
Foreword speaks to this) upon a significant but limited portion of Helm-
holtz’ interests, those in geometry, measurement, and perceptual cogni-
tion. Others have studied Helmholtz as a whole; we shall refer to
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Meyerson, Cassirer, the Marxist philosophers Horz, Wollgast, and
Kosing, and others.

Like the physicists Heinrich Hertz and Enrico Fermi, Helmholtz was
both theorist and experimentalist, but the breadth of his investigations
was far greater, for he was a mathematician, physiologist, physicist, and
psychologist. He worked in the cognitive and sensory psychology of
hearing and vision, theoretical mechanics, electrodynamics, physical and
chemical thermodynamics, electrochemistry, geometry, applied mathe-
matics, medical experimentation and instrumentation, hydrodynamics,
esthetics of musical theory and painting, atmospheric physics, episte-
mology, and more. When in need of conceptual clarification, Helmholtz
wrote exemplary studies in the history of science, the most penetrating
of these being his address of 1884, ‘On the history of the discovery of the
principle of least action’. His scientific writings were immense in number,
and were influential throughout the 19th century. His two great treatises
were, as Kelvin observed, each the ‘Principia’ of their field: in optics, the
great Physiological Optics (3 vols; 1856, 1860, 1867), and in acoustics,
physiology of hearing, and the theory of music, Sensations of Tone
(1863). Helmholtz’ research papers demonstrate mathematical skill,
conceptual imagination, critical elucidation, profound inductive as well
as deductive sensitivity, technical inventiveness, and a warm respect for
the work of others. A selection of titles will suggest how extraordinary a
scientist he was.!

1843, ‘On the nature of fermentation and putrefaction’ [his first publica-
tion, a pioneering step on the road to Pasteur]

1846, ‘Physiological heat’

1847, ‘On the conservation of force’ [but ‘force’, Kraft, soon was taken
to mean ‘energy’; this is the classic memoir on conservation of
energy]

1850, ‘Rate of transmission of the excitatory process in nerves’

‘On the methods of measuring very small intervals of time, and
their application to physiological purposes’ [These papers de-
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monstrated what his teacher, the superb Johannes Miiller, had
thought impossible, the measurement of nerve processes]

1851, Description of an Ophthalmoscope for the Investigation of the Retina
in the Living Eye [Helmholtz invented the fundamental diag-
nostic tool for medical investigation of the eye]

1852, ‘On Brewster’s new analysis of solar light’

1853, ‘On the scientific researches of Goethe’ [He went further in these
investigations in 1892]

1854, ‘On the interaction of natural forces’

1855, ‘On the accommodation of the eye’

1856, ‘On the explanation of lustre’

1858, ‘On integrals of the hydrodynamic equations which express vortex-
motions’ [a classic analysis]

1859, ‘On the quality of vowel sounds’

1861, ‘On the application of the law of conservation of energy to organic
nature’

1865, ‘On the properties of ice’

1867, ‘“The relation of optics to painting’ [a fundamental investigation]

‘The mechanics of the auditory ossicles and of the membrane of the
tympanum’

1868, ‘On the origin and significance of the axioms of geometry’ [in this
volume]

‘On the facts underlying geometry’ [in this volume]

1869, ‘The facts in perception’ [in this volume]

‘On hay fever’ [he suffered somewhat and decided to investigate]

1870-71, ‘On the theory of electrodynamics’ (3 parts) [the major com-

munication of Maxwell’s theory to the continental physicists,
but of original calibre]

1873, “The theoretical limit of the efficiency of microscopes’

1875, ‘Whirlwinds and thunderstorms’

1877, ‘On thought in medicine’ [another classic]

‘On academic freedom in German universities’
‘On galvanic currents caused by differences in concentration:
deductions from the mechanical theory of heat’

1881, ‘On the forces acting on the interior of magnetically or dielectri-
cally polarized bodies’

‘On the modern development of Faraday’s conception of electric-
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ity’ [the first statement of the fundamental atomicity of elec-
tricity]
1882, ‘The thermodynamics of chemical processes’
1884, ‘Principles of the statics of monocyclic systems’
‘On the physical significance of the principle of least action’ [see
below]
1887, ‘Further researches concerning the electrolysis of water’
‘Numbering and measuring’ [in this volume]
1888, ‘On the intrinsic light of the retina’
1889, ‘On atmospheric movements’
1890, ‘The energy of the waves and the wind’
1891, ‘An attempt to extend the application of Fechner’s law in the
colour system’
1892, “The principle of least action in electrodynamics’
‘Electromagnetic theory of colour dispersion’
1893, ‘Conclusions from Maxwell’s theory as to the movements of pure
ether’
1894, ‘On the origin of the correct interpretation of our sensual impres-
sions’

The second half of the 19th century was an intellectual battlefield.
Earlier Hegelian and other idealist conceptions developed further, based
on a conviction that attempts at critical understanding of human nature,
the ‘human essence’, by analytic means had failed. As against such
Hegelians — Helmholtz remarked on ‘the exaggerations of Hegel and
Schelling’ — a new empiricist trend emerged among scientists along with
pioneering successes in physics, chemistry, and physiology. For these
philosophical scientists, the fact that human knowledge is severely
limited by constraints on the senses is purely contingent, a physiological
fact, to be understood, mediated, and overcome. (There were other
philosophical tendencies too: a physical materialism based upon reduc-
tive explanation — Helmholtz wrote his father that he was ‘not in the very
least. .. believing in the trivial tirades of [the materialists] — and the
historical materialism which fused a naturalist interpretation of Hegel
and his dialectical logic with empirical natural science and empirical
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studies of the processes of social history.? The two major trends, idealist
and empiricist, traced their origins to the work of Kant, and both believed
one of their major tasks to be precise clarification of their actual and, to
be sure, critical relation to Kant.

Kant had considered the limiting determinants of human knowledge
to be epistemological, rooted in the a priori character of the inter-
pretations of human sensations. Hegel and the romantics rejected this,
and the Kantian limitation was transformed, and elevated to become the
center of another epistemology: for them, knowledge and its limits are
not to be found in the senses. In contrast, the positivistic empiricists
seemed, perhaps only superficially, to be returning to Kant. Helmholtz
is often seen to be in the midst of this new empiricist-positivist current
of thought. Indeed, even Maurice Mandelbaum, in his majestic History,
Man and Reason (Baltimore, 1971), accepts the dichotomy of the roman-
tics and the positivists; he takes as truth the occasional statements of
Helmholtz, duBois-Reymond and their friends that they were genuine,
‘hard-core’ positivist-empiricists. For our part, we see Helmholtz’ state-
ments as complying with the image of science held by the surrounding
general intellectual community, and not with his own.? Indeed, a number
of mid-20th century presuppositions about the metaphysical, physio-
logical, and social characteristics of human knowing condense into just
such a conflation of positivism with empiricism. But to our under-
standing, Helmholtz was an empiricist, not a positivist, unlike Kirchhoff
who was both. Instead of attempting to define positivism here, let us
simply accept Gustav Kirchhoff as the archetypical scientific positivist,
19th century style.*

What typified Helmholtz, and duBois-Reymond and many others, was
a conflict between genuine Kantian a priori and a deeply rooted successful
scientific empiricism, the latter embracing observation, experiment,
measurement, self-conscious inductive procedures, and cautious de-
mands for empirical significance of all admissible theoretical terms and
scientific laws. No doubt, their philosophical outlook and Problem-
stellung were formed by Kant; but their successes in physical, and even
more in physiological and psychophysical investigations taught them
that much of what Kant delegated to the a priori can convincingly and
simply be traced to human experience in a nearly Newtonian-Euclidean
world. The quarrel of empiricism with Kant was perennial for them, and
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apparently it was fruitful in their creative work for decades.

Helmholtz’ life-long struggle is dramatically illustrated by the well-
known story that the 25-year old Helmholtz wrote a strongly Kantian
introduction to his epoch-making paper of 1847, ‘On the conservation
of force’ but discarded it on the advice of duBois-Reymond. His close
friend warned him that the prevailing anti-metaphysical, even anti-
theoretical, image of science held by scientists would reject not only such
a philosophical introduction but the scientific paper as well. It might be
interesting to speculate what was written in that first introduction,
especially since the actual printed introduction was in fact philosophical,
and later seen to be the leading methodological “foreword of modern
science in the second half of the 19th century.”® Our hunch is that most
of the discarded material was included, 32 years later, in Helmholtz’
centennial lecture for the University of Berlin, “The Facts in Perception’
(the last essay in this volume).

Concerning Helmholtz’ relation to Kant, much was written in the late
19th and early 20th centuries, especially by neo-Kantian philosophers,
but the often redundant literature has been almost forgotten. We would
only suggest that ‘Kant and Helmholtz’ is still a point of importance,
not only for the ‘pure’ history of ideas (i.e. the history of disembodied
ideas) but even more for that new and complex discipline, the historical
sociology of scientific knowledge.’

For the moment, consider the book before us. Hertz and Schlick
selected and annotated the four papers almost as though, unaware, they
were mirroring the two philosophical trends in 19th-century philosophy
of science: a strong, but tacit, neo-Kantian perspective of the natural-
philosophy-minded Paul Hertz in Rostock; and the incipient, but far
from tacit, Vienna Circle logical positivism of Moritz Schlick, then at
Gottingen. We find it of some importance for this book that the two
commentators divided the essays between themselves, neither attempting
consensus nor de-emphasizing their differences. They do, as they draw
vital issues from these four papers, share a common problematic: their
questions are those of Helmholtz, but they try to give modern answers.

As it affects us today, the Schlick/Hertz commentary suggests four
stages of reflection (or, if we may stick out our common neck, five).

(1) The Kantian Problemstellung with Kant’s answers.
(i) The Kantian Problemstellung reformulated, in view of 19th-
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century scientific developments, with Helmholtz’ answers; this,
in the Schlick/Hertz commentary, is the classical Helmholtzian
epistemology, of decisive influence upon the growth of science
(especially but not only in Germany), and also of formative
influence upon the sociological dimension of science, on the
institutionalization of physics, biology, psychology and medi-
cine, the problems tackled and methods adopted, the relation
of science to applied science and technology, and — pace Helm-
holtz’ multidisciplinary genius — the division of labor among
the special branches of science. (We may conjecture: in the
continuing critical dialogue in psychology between the Helm-
holtzian and say the Wundtian, if Wundt had won the upper
hand, or had at least an equal influence for his alternative image
of what is empirically respectable science, it is possible that the
behavioral sciences in the 20th century would have been freed
not only from the confining straitjacket, but also from the
guiding and heuristic model, of the methodology of the natural
sciences.)

(iii) The ambivalent twenties. These are typified by Hertz and Schlick
in 1921, who held to Helmholtz’ epistemological problems but
sought new answers by repeating his own conceptual strategy:
rely on Helmholtz’ formulation of problems, but use 20th-
century scientific knowledge in order to correct or up-date his
conclusions. (Here we may observe, with respect and with
caution, that they failed to reformulate the scientific problems;
and this was the very step that made Helmholtz’ contributions
of fundamental, that is, epistemological importance. But Helm-
holtz saw himself as, and was, a working scientist while deeply
engaged in his explicitly philosophical work. This was hardly
true of Schlick and Hertz.® This division of labor between
scientific and epistemological work is not their limitation alone,
nor unknown to some of the most powerful minds among the
neo-Kantians, even to Cassirer.)

(iv) The dominant metaphysics today. The anti-metaphysical scientific
community in all its branches in our own time (we do not speak
here of philosophers and historians of science) disregards
critical epistemology. Modern physics, especially in its opera-
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tional practice, molecular biology in its central dogma, behav-
ioristic psychology in theory and in therapy, experimental-
cognitive psychology, all tend to ignore philosophical criticism.
(While Hertz and Schlick presaged this situation, they could
not transcend it in 1921; the great intellectual experiments of
‘rational reconstruction’ and logical appraisal of the sciences
by the Vienna positivists and the Berlin empiricists, by Carnap
and Reichenbach and the rest, lay ahead. In that process,
reconstruction of scientific theory always lags behind the most
advanced innovative constructions of the scientists.)

(v) Novel epistemology. As an active part of research work, epistemo-

logical attention curiously creeps back slowly in unexpected
areas: symbol-centered anthropology, cognitive and socializing
educational studies, psychology and sociology of myth, cross-
cultural investigations into ways of thinking, perceiving,
numeracy, literacy, indeed general cross-cultural and historical
studies of rationality.® (But will this re-invention of episte-
mology, once again in the midst of working science — although
at first glance far from either physiology or physics — enlighten
science in general, and even physics, in the present impasse?
We do not know. At any rate, we believe it is one way to get the
present value-free vs. value-based, objectivist vs. relativist,
debate in the social sciences onto a constructive track. And the
new ‘comparative epistemology’ is concerned with differing
ways of dealing with nature, with cognitive praxes. It might be
Helmbholtzian.)

Accompanying the past century of development of the philosophy of
science, and closely connected, are changing attitudes toward history;
whether to ascribe to historical knowledge a special epistemological
status or to consider it as part of the general epistemological problematic;
whether to ignore historical consciousness or to place it in the center of
inquiry; these views change and interact with changing images of scien-
tific knowledge. Our stages (i) and (ii) were times when historical under-
standing was thought to be a special mode of thought, times when the
empiricists fought a heavy battle to eliminate metaphysical ‘history’
from the legitimate scope of the ‘sciences’. For most (Marx and Engels
aside), the struggle against history coincided with the more general war
against metaphysics, Hegel, and Naturphilosophie.
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With stage (iii), modern empiricists and positivists (Zilsel and Neurath
aside), systematically ignored history until very late in their game. They
were seeking time-independent truths and methods, content-full and
context-free; or, to follow Reichenbach’s incisive and revealing for-
mulation, they were seeking contexts of justification (rational proof)
which are to be radically differentiated from contexts of discovery (psy-
chological, social, or historical). The neo-Kantians, even Cassirer, mostly
bracketed or postponed the problems of historical cognition and of the
historical resonance of ideas altogether. And so, stage (iv), in the last
fifty years historical studies have developed nearly independently of the
natural sciences. After some intense encounters, historians even gave up
any claim to the social and behavioral sciences which, for their part,
seceded from the humanities (actually from history) in their under-
standable but empty urge to copy or adapt to the natural sciences. The
conflicting claims over scientific and alternative ‘humanistic’ modes of
understanding may be illuminated by the comparative sociology and
psychology of our stage (v), perhaps mediated by the historical sociology
of the natural and social sciences. We see no other epistemological
synthesis between history and the sciences (natural and ‘behavioral’)
within the horizon.!® And we think the link to Helmholtz should be two-
fold: first, a methodological analogy, i.e. epistemological inquiries from
within new and actual (social) science, and second, Emile Meyerson’s
Helmholtz-interpretation (in his notion of the plausible) as an early
warning indication of the human character of the new synthesis.'!

As might be expected of the author of Identité et Réalité, Meyerson gave
closest attention to elements of persistence through change as they appear
in Helmholtz’ works. Meyerson’s preface to the first edition (1907) of his
book begins by quoting from Helmholtz in the Physiological Optics:
“The more I study phenomena the more I am struck by the uniformity
and agreement in the action of the mental processes.” Meyerson im-
mediately adds that Helmholtz means the identity of unconscious
psychological processes (here those that accompany visual perception)
with those of conscious thought. If with Helmholtz we understand that
visual perception contains “‘condensed reasoning very difficult to follow”,
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and that the physics, physiology, and psychophysics of the interdisci-
plinary scientist can unravel the hidden processes, then the philosopher
likewise may try to bring to light a posteriori, by historical investigation
of scientific reasoning, case by case as it were, the actual but covert and
‘condensed reasonings’ of the human mind in its clearest practice —
modern science. Meyerson was led by this procedure to ‘laws which rule
the human mind’, and his empirical a posteriori method led, as he
thought, to an a priori heuristic principle of explanation common to all
theoretical inquiry. This is a provocative neo-Kantianism beyond Helm-
holtz (and regretfully beyond this Introduction).

Meyerson, as he begins his text, quotes Helmholtz again, this time
from the essay on the conservation of energy: “The principle of causality
is nothing else than the supposition that all phenomena of nature are
subject to law.” By 1878, Helmholtz speaks of ‘orderliness according to
law’. Then Meyerson begins his critical examination. We highlight parts
of his argument:

(i) causality is replaced by lawfulness (Helmholtz’ term), and these
are not the same;

(i1) lawfulness is not necessarily empirical generalization or mere
comprehensiveness;

(iii) nor is it either logically or practically a presupposition, but rather
it is a genuine conviction, indissolubly linked with primitive as
well as civilized intentional human actions;

(iv) how then was conservation of energy proved by Helmholtz, given
that he invoked “the final aim of science” as explanation
through central forces with intensity varying with distance, and
given his further claim (necessary to his proof) that empirical
evidence proved the impossibility of perpetual motion? Surely
these were both wrong?

(v) rational proof may be a mistaken demand; perhaps the conserva-
tion law is plainly empirical, since Helmholtz followed his proof
by adding that “‘complete confirmation of the law must be
considered as one of the principal tasks which physics will have
to accomplish in the years to come’? But how impossible! — we
do not know all possible forms of energy, nor do we know any
relation among the known ones to show that they exhaust the
possibilities, and in fact our knowledge of forms of energy has
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time and again come by accident; no, our certainty exceeds the
data, our conviction exceeds the proofs;

(vi) perhaps, then, ‘lawfulness’ expresses properties of bodies? but
the concept of properties retains the possibility of change in
time, while laws do not.

And so Meyerson continues to debate, concluding at last, with Helm-
holtz, that conformity to law dominates all the sciences, and that science
is not positivist (for it contains no data to satisfy the Comtean require-
ment of all positivism, ‘data stripped of all ontology’).

* %k %

As Meyerson, so also Ernst Cassirer followed Helmholtz as a guide to
mature scientific practice. In Cassirer’s view, as late as 1940, in the 4th
volume of The Problem of Knowledge, Helmholtz led a post-Hegelian
generation with the heroic cry, ‘Back to Kant’. He did this, we should
note for Hertz and Schlick, by a new link between natural science and
philosophy which depends upon physiology and psychology rather than
physics and geometry. To Helmbholtz, it was Johannes Miiller’s discovery
of the specific energy of the sense organs that was ‘“the empirical
realization of Kant’s theoretical explanation of the nature of human
understanding”. Nevertheless, how new or specifically Kantian was this
idea? The pre-critical empiricist Kant, after all, had begun with a physio-
logical a priori. Indeed, Cassirer saw that Helmholtz was persistently
wishing to carry out an empiricist program, adapting as he did the a
priori nature of space ‘in the Kantian sense’ — he spoke of space in its
most universal form as ‘the possibility of coexistence’ — both to everyday
experience of psychophysical distance measurements and to the advanced
hypothetical alternatives of the non-Euclidean geometries. Similarly,
concerning arithmetic, Helmholtz linked experience with pure mathe-
matics via the psychophysics of numbering and counting; once more he
was Kantian, on this occasion by adapting the a priori intuition of time to
the possibility of the act of counting. Nevertheless, even Helmholtz’
empiricism loses some of its objective reference, for his physiological
theory of signs (Zeichen) portrays human knowledge as a functional
correspondence with, rather than an actual similarity to, the object
known. Correspondences are between relations among signs and relations
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among objects. It is relations that correspond. Cassirer expressed it in
1910: “What is retained (in the sign) is not the special character of the
thing signified, but the objective relations, in which it stands to others
like it.!?

Cassirer was keenly aware of the epistemological unity of Helmholtz’
varied works, and this was emphasized in Cassirer’s resonant phrasing
of Helmholtz’ views: “What matter actually and essentially ‘is’ can only
be expressed in the sign language of our senses”.!® Helmholtz himself,
at the end of a work on psychophysics, the Physiological Optics, wrote:
“The main thesis of the empirical standpoint is that sense impressions are
signs for our consciousness, the interpretation of which is left to our
intellect.” His dualism of knowledge and reality is optimistic since this
mediated relation between them is firm, and reality includes both the
external object and the sense organs with their sense-impression states.
The correspondence between relations among objective phenomena and
theoretical (or practical) cognitive reasoning is genuine, in Helmholtz’
view. Epistemological signs or signals, which are sense-impressions
understood by ordinary intelligence or by scientific theory, are central,
since “‘the sign... becomes [for Helmholtz] the basic concept of scientific
epistemology.”

Signs of interrelationships among objects, no doubt, but of what else?
To Cassirer, a Kantian spirit dominates classical physics, including the
interpretation of epistemological signs, and through physics all of
science, in those “highest and most mature insights” which we owe to
Helmholtz. The search for ever more general laws must be understood
as a regulative principle, says Cassirer: it must be given a priori since
there is no possibility of proof, and the search constitutes the causal
nature of scientific explanation and of reality. Without that causal nature,
there is no intellectual action, no human praxis. But we, and Cassirer
too, know there is no Laplacean completeness or predictability in science
either. Helmholtz had reassuring advice for the fearful inductivist: “Here
only one counsel is valid: Trust the inadequate and act on it; then it will
become a fact.”!*

At various times and circumstances, Helmholtz influenced his own
and subsequent generations of scientists. E.G. Boring’s judgment sets
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the stage (from the Preface of 1942 to his Sensation and Perception in the
History of Experimental Psychology):

No reader of this book will need to ask why I have dedicated it to Helmholtz. There is no
one else to whom one can owe so completely the capacity to write a book about sensation
and perception. If it be objected that books should not be dedicated to the dead, the answer
is that Helmholtz is not dead. The organism can predecease its intellect, and conversely.
My dedication asserts Helmholtz’ immortality — the kind of immortality that remains the
unachievable aspiration of so many of us.

Among physicists, the roster of influence must include Maxwell and
Kelvin, Boltzmann and Planck, and Heinrich Hertz. Of Hertz, Helm-
holtz wrote that he was ‘“the one amongst all my pupils who had
penetrated furthest into my own circle of scientific thought... endowed
with the rarest gifts of intellect and character.”'> Among psychologists
special mention must be made of Helmholtz’ role in the work of Sechenov
and Pavlov, the great Russian physiological psychologists. Ivan Sechenov
studied with Helmholtz in his laboratory for several years about 1860,
as well as with duBois-Reymond for some time; Pavlov in turn was
indebted to Sechenov. Aside from the broadly physico-chemical ap-
proach to investigating psychological and neurological phenomena,
Sechenov was struck by Helmholtz’ idea of ‘unconscious inferences’ or
‘unconscious conclusions’ as the conjectured essential process of human
cognitive and also animal perception. In 1928, in a celebrated passage

in his lecture on ‘Natural Science and the Brain’, Pavlov wrote'®:

Evidently what the genius Helmholtz referred to as ‘unconscious conclusion’ corresponds
to the mechanism of the conditioned reflex. When, for example, the physiologist says that
for the formation of the conception of the actual size of an object there is necessary a
certain length of the image on the retina and a certain action of the internal and external
muscles of the eye, he is stating the mechanism of the conditioned reflex. When a certain
combination of stimuli, arising from the retina and ocular muscles, coincides several times
with the tactile stimulus of a body of certain size, this combination comes to play the role
of a signal, and becomes the conditioned stimulation for the real size of the object. From
this hardly contestable point of view, the fundamental facts of the psychological part of
physiological optics is physiologically nothing else than a series of conditioned reflexes,
i.e. a series of elementary facts concerning the complicated activity of the eye analyzer.

Toward the end of his life and work, Helmholtz went far beyond the first
law of thermodynamics, that unifying principle of the conservation of
energy, interdisciplinary and universal as that was. Moreover, he went
beyond the empiricist epistemology of the foundations of geometry and
arithmetic. Meditating on his work on free energy, and on the second
law of thermodynamics, and considering the general questions that arise
concerning the relations of thermodynamics — the general science of
energy phenomena — to dynamics, Helmholtz went beyond the earlier,
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though recent, achievements of Boltzmann, Clausius, and Rankine.
Whereas they demonstrated quite generally a correspondence in formal
behavior between thermodynamic entropy and the action function of a
periodic mechanical system, Helmholtz related his so-called ‘free energy’
to the negative Lagrangian of monocyclic systems. The second law had
already linked the phenomenological sciences of heat, portions of elec-
tricity, and chemical dynamics. With the successful identification of
formal properties in dynamics and in applied thermodynamics, it seemed
hopeful that an approach might be made to a fully universal principle
governing all natural processes. Formal unification had also been
achieved with Helmholtz’ work on the correspondence of theoretical
hydrodynamics with magnetic theory, and of acoustics with optics. In
1886, in the magisterial paper on the physical meaning of the principle
of least action, continuing the series on monocyclic systems, he turned
from a physics of masses in motion to a general physical science which
was to be characterized by two principles: conservation of energy, and
minimal action. Even more striking, only one principle is needed, since
the energy principle is derivable from a general principle of least action
(but, as Helmholtz showed, not vice versa). No wonder that Cassirer sees
Helmholtz’ work here as the high achievement of classical physical
science at the great open road toward the modern physics of quantum
mechanics and general relativity.

Helmholtz’ claims were strong and simple: ““All that occurs is described
by the ebb and flow of the eternally undiminishable and unaugmentable
energy supply of the world, and the laws of this ebb and flow are com-
pletely comprehended in the principle of least action.””!” Principles, we
may add, are not laws. The principle of least action, in Helmholtz’ terms
(which are plain enough), is a “heuristic principle” and a “‘guideline in
the effort to formulate laws for new classes of phenomena.” To the
Kantian, Cassirer, it is a ‘regulative principle’. But as heuristic, such
principles either show their power or fade away; as Hertz so beautifully
praised Helmholtz, recognition of the scientific significance of the action
principle was a genuine ‘discovery’. In a perceptive account of the 1886
paper, Stephen Winters has very recently shown that Helmholtz’ place
in the triumphant development of Lagrangian and Hamiltonian me-
chanics was to answer P.G. Tait’s repeated plea (and prophecy) for
“... the coming of the philosopher who is to tell us the true dynamical
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bearings of varyingaction and of the characteristic functions.”” Once more,
this time at the end of his life, Helmholtz was concerned with ‘force’,
as he had been in that youthful work on conservation. Now we can see,
with Winters, that the early usage of Kraft and its subsequent English
replacement by ‘energy’ rather than ‘force’ needs to be reconsidered.
After all, it was the Lagrangian ‘generalized forces’, subject to a principle
of minimal action, that remained in classical physics; and it was a univer-
sal “interdependence and interconnection” of natural forces that would
best describe the phenomena of nature. Winters reminds us that Faraday
rejected Maxwell’s suggestion that it would be better to speak of
‘energy’ than of ‘force’: “Faraday stubbornly refused to say anything
other than what he meant.” The 1847 conservation law did, we must
agree, concern transformations of energy, but its discoverer’s intuition
was for a law of forces.

In the end a new mathematics was required and developed to express
the physical insight; then the demonstration of sets of formal identities
and conceptual similarities among empirically diverse physical domains
brought Helmholtz to inquire into deeper physical reality. What
physical quantity, if not energy, was constrained and minimized by a law
of least action, or by any equivalent minimal principle? We cannot hope
to decide whether science has succeeded in this program in the new
century, for we wonder what Helmholtz would have said to the puzzling
new succession of interpretations of that ‘physical’ quantity whose
minimax conditioning was so exquisitely prescribed by him. He knew the
old succession of interpretations of the minimized quantity better than
anyone: Fermat, Leibniz, Maupertuis, Euler, Lagrange, Gauss, Hamil-
ton, each seeing a different conserved and constrained property or entity,
and Cassirer even reminds us of Hero of Alexandria’s minimal light path.
Helmholtz chose his ‘kinetic potential’ to be minimized for equal time
intervals. But it was soon replaced, and so was so much that was classical.
Helmbholtz’ heuristic remains.

Marxists since the time of Friedrich Engels have read Helmholtz with
great interest, and for reasons similar to those of Cassirer, Meyerson,
Maxwell, Pavlov, or Schlick and Hertz. Helmholtz, in his own self-
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critical dialectic of subjective and objective moments in scientific practice,
was seeking to renew and fulfil philosophy through science. In the mid-
seventies, he wrote to a friend: “I believe that philosophy will only be
reinstated when it turns with zeal and energy to the investigation of
epistemological processes and of scientific methods... a real and legiti-
mate task. The construction of metaphysical hypotheses is vanity.” He
was against the static and abstract, against the unchanging a priori of
uncritical and irrefutable metaphysics, against dogmatic and obscurantist
thought, against vitalism and all spiritualist explanations, against anti-
Semitism and against all nationalist and chauvinist prejudice in science
as in ordinary life; no wonder that his thought and work would attract
attention from materialists, Marxist or otherwise, and from every tenden-
cy of anti-metaphysics. A Marxist or a positivist could agree with, could
write, Helmholtz’ angry defense of philosophy against metaphysics:
“Metaphysics... that so-called science which strives by pure thought to
formulate conclusions as to the ultimate principles of the coherency of
the Universe. .. I must protest against my objections against metaphysics
being transferred to philosophy in general (since) in my opinion nothing
has been so pernicious to philosophy as its repeated confusion with
metaphysics.” 8

Other views, more positive, join Marxian materialists to Helmholtz.
Even in his conception of sensations as signs, distant as it seems to be from
any passive materialist doctrine of knowledge as reflections or copies of
reality, Helmholtz should be congenial. After all, he describes knowing
as the active practice of brain and sense organs; the latter provide the
signs which arise by material processes of interaction with external
objects; the former interprets these signs (unconsciously or consciously)
in the light of experience and practice, and then tests the interpretations
through deliberate efforts to produce changes in the external world by
bodily and instrumental movements. These movements are not merely
activities of scientific inquiry. The physiology of cognition permeates all
life, and cognition is subordinate to it. Even science is subordinate to
general human practice, for while Helmholtz often said that the sciences
“evoke and educate the finer energies of man”, he went on to say that
knowledge is not the sole aim of mankind upon this earth, and that
“it is in action alone that (man) finds a worthy destiny.”

Nor was Helmholtz indifferent to ‘the social function of science’.
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He was distressed by the misunderstanding of mathematics and the
natural sciences which was so widespread (even then!) among those who
seemed to live in a different world, the cultured humanists with their
philosophical and historical interests. Science had its methods and aims,
and among their achievements were ‘“‘solutions which the work of
scientists offers for the great mysteries of human existence.” In his
extraordinary inaugural address of 1877 as Rector of the University of
Berlin, he spoke openly and firmly in this vein: science for peace, science
for humanity; science was not for his country alone. And these
democratic slogans and outlook, these liberal views, were joined to his
grateful pride in that Germany which had led the European struggle
against authority, which (in Koenigsberger’s summary of Helmholtz’
view) “testified even unto blood for the right of such convictions, in the
16th century,” and which in the 19th century was a nation with ‘‘greater
fearlessness of the whole entire truth” than even England and France
where scientists were subject to social and churchly prejudices.

These progressive feelings reached to democratic process too, for
Helmholtz spoke on behalf of the national need to have the interests
of the majority prevail, and to have a legitimate voice in the government
for the “political interests of the working class.” Perhaps we may describe
the ennobled von Helmholtz as one who transcended his Prussian time
and place to become a classic scientific and democratic humanist of
modern Europe.

Engels discussed Helmholtz with care, particularly in his informal
notes on current scientific progress which were published a generation
later as Dialectics of Nature.'® Lenin too treated Helmholtz, whom he
described as ‘“‘a scientist of the first magnitude”, with great interest. In
the end, Lenin was dissatisfied with Helmholtz’ theory of cognitive
signs.?® Lenin found Helmholtz to be inconsistent, at one place a
materialist about human knowledge, at another place agnostic and
sceptic, and at yet other place a Kantian idealist, in sum a ‘shame-faced
materialist’. But these are not final judgments, nor conclusive eval-
uations of Helmholtz overall. Renewed interest in Helmholtz has come
from Soviet and German Marxists, most rigorously and sympathetically
from Klix, Kosing, Horz and Wollgast a few years ago,?! (and under-
standably motivated in part by the unending Marxist coming-to-grips
with the logical empiricist philosophy of science, which is to say, in



XXVI INTRODUCTION, 1977

Helmholtz’ case, with Schlick and Hertz). Nevertheless, a full Marxist
appreciation of Helmholtz has not been written. After all, Koenigsberger
was right to bring Helmholtz’ epistemological situation to a blunt con-
clusion :??

‘... all is not light that is perceived as light...

... there is also light to which we are not sensible. ..

... The radiation which we term now light, now radiant
heat, impinges on two different kind of nerve end-
organs, in the eye and in the skin, and the disparity in
quality of the sensation is due not to the nature of the
object sensed, but to the kind of nervous apparatus
that is thrown into activity...”

“From this simple and obvious truth, Helmholtz developed
his entire theory of knowledge.”
To us, it seems time that the Marxists, and not only the Marxists, must
embed this scientifically ‘“‘simple and obvious™ theory of human knowing
within a broad and equally scientific theory of the historical and cultural
practices of humankind, “thrown into activity...”.

* * %

This edition of Helmholtz’ essays was prepared by the devoted and
intelligent labor of Malcolm F. Lowe as translator and interpreter of
19th-century German conceptual vocabulary into 20th-century English.
Other translations of these writings are noted in the Bibliography, but
none seem to us to bear the burdens of faithful accuracy and dependable
lucidity as well as Lowe’s work. His is the first translation of the Schlick/
Hertz annotations.

We have added a Bibliography. There is (A) a list and guide to
Helmholtz’ works, including English translations known to us; (B) a short
list of published biographical materials; (C) a substantial list of works on
Helmholtz, with emphasis upon those of philosophical or historical
relevance, including biographies; (D) a bibliographical index to works
cited either by Helmholtz, or by Hertz and Schlick in this book, together
with English translations where known. We have taken particular care
in Part C to include studies published since 1921 in English, German,
French or Russian, but we would be grateful to be informed of publi-
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cations that we have missed. One forthcoming noteworthy publication of
interest to readers of this book is Henk L. Mulder and Barbara Van de
Velde-Schlick’s edition in English of Schlick’s Philosophical Papers
1910-1936 (Vienna Circle Collection: Reidel, Dordrecht and Boston,
in preparation).

ROBERT S. COHEN YEHUDA ELKANA
Boston University The Hebrew University of Jerusalem
NOTES

! See Helmholtz, Wiss. Abhand., Bibliography Part A.

2 On physical materialism, see Frederick Gregory, Scientific Materialism in 19th Century
Germany (Dordrecht and Boston, 1977).

On the relation of historical materialism to science, see R.S. Cohen, Kar/ Marx and

Friedrich Engels in Dict. Sci. Biog., supp. vol. (New York, 1977).

3 There is a rich literature on nineteenth century philosophical trends, especially episte-
mology and theories of perception, both as a branch of physiology and as a branch
of psychology. On images of knowledge among laymen, general intellectuals and
specialists, see Y. Elkana, ‘The Problem of Knowledge in Historical Perspective’,
Proc. Second International Humanistic Symposium (Delphi, 1972) pp. 191-247. See
also a review-discussion of Mandelbaum’s book by Leon Pompa, Inquiry 16 (1973)
pp. 323-351.

4 On modern positivism in the philosophy of science, several accounts may be mentioned
(from a vast literature) as helpful:

(1) Wissenschaftliche Weltauffassung: Der Wiener Kreis [translated as ‘The Scientific
Conception of the World: The Vienna Circle’ in Otto Neurath, Empiricism and
Sociology (Dordrecht and Boston, 1973)].

(2) Richard von Mises, ‘Ernst Mach and the Empiricist Conception of Science’
Einheitswissenschaft 7 (’s-Gravenhagen, 1938) as translated in Ernst Mach:
Physicist and Philosopher, ed. R.S. Cohen and R.J. Seeger (Boston Studies in the
Philosophy of Science, vi, Dordrecht and New York, 1970) pp. 245-270.

(3) W. Stegmiiller, Main Currents in Contemporary German, British and American
Philosophy (Dordrecht, 1969), ch. 7 ‘Modern Empiricism: Rudolf Carnap and
the Vienna Circle’.

(4) On the distinction between positivist and non-positivist empiricism, (and the
relation of both to materialism), see R.S. Cohen, ‘Dialectical materialism and
Carnap’s logical empiricism’, The Philosophy of Rudolf Carnap, ed. P. A. Schilpp

(Lasalle, Illinois, 1963) pp. 99-158.

5 The memoir was first translated into English in 1853. For our own discussion, see
Yehuda Elkana, ‘Helmholtz’ Kraft: An Illustration of Concepts in Flux’ [as in
Bibliography C]; other literature is discussed below, and cited in the Bibliography.

5 The phrase is Koenigsberger’s in his Hermann von Helmholtz, Welby tr., p. 38 [as in
Bibliography B].

7 Major sources on this issue are found in Bibliography C, e.g. Cassirer, Erdmann,
Goldschmidt. A recent study by one of us [Elkana, The Discovery of the Conservation
of Energy (London and Cambridge, 1974)] deals mainly with the essential tension
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between empiricism rooted in physics, physiology and psychology and the meta-
physical heritage of Kant and even of Fichte.

Hans Reichenbach wrote perceptively on this point in his contribution to Albert
Einstein: Philosopher-Scientist, ed. P.A. Schilpp (Evanston, 1949) pp. 290-291. His
words might apply to Helmholtz as well as to Einstein, it seems to us:

“The analysis of knowledge has always been the basic issue of philosophy; and if
knowledge in so fundamental a domain as that of space and time is subject to
revision, the implications of such criticism will involve the whole of philosophy...
Einstein’s primary objectives were all in the realm of physics. But he saw that certain
physical problems could not be solved unless the solutions were preceded by a
logical analysis of the fundamentals of space and time, and he saw that this analysis,
in turn, presupposed a philosophic readjustment of certain familiar conceptions of
knowledge. .. It is this positivist, or let me rather say, empiricist commitment which
determines the philosophical position of Einstein...”

Some promising beginnings may be mentioned:

M. Cole and S. Scribner, Culture and Thought (New York 1974).

R. Horton and R. Finnegan, ed., Modes of Thought (London, 1973).

B. Wilson, ed., Rationality (Oxford, 1970).

McCole, Gray, Glick and Sharp, The Cultural Context of Learning and Thinking
(London, 1971).

Robin Horton’s series of papers on African science in Africa.

On the 19th-century attitude toward historical knowledge, see Hayden White, Meta-
history: The Historical Imagination in Nineteenth Century Europe (Baltimore, 1973).

On this, see Meyerson in Bibliography C.

Cassirer, Substance and Function, p. 304.

Cassirer, Determinism and Indeterminism in Modern Physics, p. 130.

As in Cassirer, ibid., p. 63; see also ‘The Facts in Perception’ in this volume.

See Helmholtz’ ‘Preface’ (unpaginated) to Heinrich Hertz, The Principles of Mechanics,
tr. Jones and Walley, new introduction by R.S. Cohen (Dover reprint, N.Y., 1956).

Ivan P. Pavlov, Lectures on Conditioned Reflexes (New York, 1928) pp. 126-127.

From the posthumous text on the history of the principle of least action (see Bibliogra-
phy A), as translated in Cassirer, ibid., p. 49.

Koenigsberger, ibid., p. 427; phrases quoted in the following several paragraphs derive
from Koenigsberger, pp. 307-308.

On Engels and Helmholtz, see entries for Engels, Klare, Reiprich in Bibliography C,
and Cohen, Friedrich Engels, op. cit.

See Lenin, Materialism and Empirio-Criticism (Bibliography C), passim but especially
ch. 4, section 6.

Particularly in the sessions of the DDR Academy of Sciences devoted to Helmholtz in
1972 (see Klare et al., Bibliography C), and in Wollgast’s paper at the Rostock
symposium of 1970 on Moritz Schlick. Soviet interest has been expressed primarily
by historians of science. There appear to be no writings on Helmholtz by ‘Western’
Marxists, except for brief statements, e.g. J.D. Bernal, Science and Industry in the
19th Century (London, 1953), p. 63. On the general social and economic background
there are many Marxist writings, those on conservation of energy being relevant to
Helmbholtz, e.g., S. Lilley ‘Social Aspects of the History of Science’, Arch. Inter-
nationales d’Hist. des Sciences 28 (1948) pp. 326443, and L. Rosenfeld, ‘La Genése
des principes de la thermodynamique’ Bull. de la Soc. Roy. des Liége (1941) pp. 199-
212, [Eng. tr. in Selected Papers of Léon Rosenfeld, ed. R.S. Cohen and J.J. Stachel
(Boston Studies in the Philosophy of Science, xxi, Dordrecht and Boston, 1977)].

Koenigsberger, ibid., p. 98.
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As Helmholtz has suffered in some previous translations it is hoped that
this one of some of his key papers, together with the valuable com-
mentary of Hertz and Schlick, will go some way towards redressing the
balance. Anyone who cares to compare this translation (and others) with
the original will be able to judge how closely I have endeavoured to
follow both his words and his spirit. However, I do not flatter myself
that an ideal solution has been found to every problem, and any sug-
gested amendments will be gratefully received and examined.

At the same time, it should be noted that some of Helmholtz’ writings
exist in more than one version. I have not attempted a complete collation
of different versions, but strictly followed the text given by Hertz and
Schlick, except where errors required correction''. Occasionally these
have been explicitly noted.

Certain difficulties encountered in the translation require special men-
tion. In the first place, there is the question of Kantian terminology,
since Kant’s philosophy is a major topic for Helmholtz’ attention. There
exists a more or less standard system of translating this terminology, as
exemplified in Kemp Smith’s version of the Critique of Pure Reason.
However, some of the English equivalents used are highly artificial,
chosen for the purposes of professional philosophers, whereas Helmholtz
expressly did not always write with such an audience primarily in mind.

Two groups of Kantian terms may be given as examples. Firstly, the
family of words ‘Anschauung’, ‘anschaulich’, etc., has also been given
here the standard translation ‘intuition’, ‘intuitive’, etc. However, I
have used where possible especially ‘intuitive(ly)’ , because even some-
one with little knowledge of Kant can acquire some understanding of
Helmholtz’ use of these terms from their ordinary English use in such

t The faults have varied from systematic disregard of subtleties of expression, thus blunting
the impact of Helmholtz’ lively and imposing style, to incredibly gross errors.

t* They confess to having been pressed for time in completing the volume. Their version
of the text has therefore been compared with the appropriate originals.
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phrases as ‘ an intuitive conception ’, ‘ grasping something intuitively .

For Kant, of course, ‘ intuition ’ strictly means the mind’s faculty for
receiving data (or means something thus received), as opposed to the
‘understanding’, its faculty for supplying concepts under which these data
are subsumed. Kant considers that all human ‘intuition’ is ‘sensible’,
meaning that its possible varieties are determined by the senses. (It is in
this respect that one has contact with the nonphilosophical use of ‘an
intuitive conception’ to mean one that is easily pictured or otherwise
imagined.) However, the most fundamental features of human intuition,
its being always temporal and usually also spatial, are for Kant not data
of sensation, but rather a framework supplied by the mind for the re-
ception of sensations. The basic features of this framework (which he
takes to include arithmetic and three-dimensional Euclidean geometry)
are thus on this view necessary truths independent of experience, because
only through this framework can we have experience.

The second group of terms, namely ° sich vorstellen ’, ¢ Vorstellung ’
etc., presented a more complex problem. The ordinary meaning of ‘ sich
vorstellen ’ is to * imagine ’, as when we talk of “imagining what would
happen if...”, i.e. forming mental pictures of hypothetical events. In
philosophical usage, the meaning of ‘sich vorstellen’ is extended to
cover the formation of mental pictures in general, whether these arise
from imagination in the strict sense, or in memory, or immediately
through sensation, or whatever. The derived noun ‘ Vorstellung ’ then
means ‘ idea ’ in the sense of the philosopher Berkeley.

Although ‘ imagine ’ and ‘ idea ’ are related to ordinary English usage,
they do not display the etymological connexion between the German
words involved. Consequently, the verb ‘ represent * and the noun  rep-
resentation * have traditionally been chosen as standard — but artificial —
renderings.

The problem is complicated further by the fact that Helmholtz did not
write all of the papers in this volume for the same audience. The opening
essay was originally composed as a popularization of the issues of non-
Euclidean geometry, intended for anyone with a fair high school educa-
tion, thus not people who need have a professional acquaintance with
the intricacies of Kant’s philosophical works. But the last paper in this
collection is directed especially at professional philosophers as a concise
statement of Helmholtz’ position as against Kant’s.
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So I have adopted the somewhat unorthodox solution of using differ-
ent translations in the two places. In the opening paper, * sich vorstellen ’
is translated ‘ imagine ’, and ‘ Vorstellung ’ (which occurs comparatively
rarely) as ‘imagination’ or ‘idea’, while in the last paper, standard
English Kantian terminology has been used throughout. (This includes
the use of ‘ appearances’ for ‘ Erscheinungen ’, although the natural
English equivalent is ‘phenomena’. However, ‘sinnlich’ is mostly trans-
lated ‘sensory’ rather than ‘sensible’, and ‘Bestimmung’ as ‘specification’
rather than ‘determination’.)

This approach is rendered especially apt by the following facts. The
subject of the first paper is trying to conceive what it would be like to
live in non-Euclidean worlds. Since Helmholtz did not suppose ours to
be such a world, this was for him a question precisely of ‘imagining’ in
the restricted (non-philosophical) sense. On the other hand, the principal
statements of this paper are repeated in the final paper, including Helm-
holtz’ key definition of * sich vorstellen ’ for his own purposes. More-
over, I have avoided using ‘ imagine ’, ‘ idea ’ and ‘ represent ’ elsewhere,
so that the reader may make substitutions as he thinks fit.

Thus it is hoped that the various papers will be accessible to the same
audiences of English readers as Helmholtz intended amongst his German
readers.

A different problem is presented when Helmholtz himself relies upon
etymological connexions between words. This occurs above all (and very
extensively) in the third paper. Here, even in the title the word ‘Zihlen’ has
to be translated ‘numbering’ (rather than ‘counting’), because he uses it in
close connexion with ‘Zahl’ (‘number’). Most striking of all is his use of
the family of words derived from ‘gleich’ (‘equal’, ‘alike’, ‘the same’).
This German word occurs in many compounds where in English the
corresponding words are of Latin (‘ comparison’, ‘simultaneous’,
“ equilibrium ) or Greek (‘ homogeneous ) origin, and (as the Latin
examples show) it does not always even correspond to the same com-
ponent in words originating in the same language.

The crucial connexion upon which Helmholtz relies turns out to be
that between ° gleich ’ and  vergleichen ’ (* compare ’), and clearly the
point of what he is trying to do would be veiled from the English reader
if one failed to preserve this connexion. So I have translated ‘ gleich ’ as
“ alike ’ (to be understood in the sense  exactly alike’) or ‘ like ’ (in ex-
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pressions such as ‘ of like kind ) as far as possible, while ‘ vergleichen ’
has been translated ° liken ’. This is somewhat artificial, in that to © liken ’
normally means in English to compare things whose similarity is not
immediately obvious, whereas no restriction of this kind is implied by
the German word. On the other hand, the German word itself does not
normally mean to ‘ make alike ’, although it is this etymological impli-
cation on which Helmholtz seems to play.

Consistency of translation has also been maintained throughout the
book, as far as practicable, for numerous other words, which there is no
special reason to list here.

In the case of all publications cited by a non-English title, an English
translation (usually as literal as possible) has been appended both as an
indication of the contents and to facilitate identification of any English
translation which has occurred or may occur. I note finally that asterisks
are used for footnotes in the origina1 text, daggers for footnotes which 1
have added myself in translation, and square brackets to enclose additions
to the text (whether made by Hertz and Schlick or in translation).

M. F. LowE



FOREWORD

[1921]

It is an often stated truth that a great man’s own works are his final
memorial. We cannot better and more worthily celebrate the memory
of a genius than to enjoy his creations and promote their influence in
our own age. So it seemed appropriate to mark Helmholtz’ hundredth
birthday by keeping alive the memory of this ““intellectual giant™, as Max-
well called him, with the production of a new edition of his writings of
continuing influence. [The Schlick—Hertz edition appeared in 1921.]

His complete works could not be considered for this purpose. The two
great classics on physiological optics and acoustics will have to continue
to stand apart individually as lofty monuments to his creativity. On the
other hand, his numerous lesser writings mostly deal with issues of
physics and physiology which no longer have any very close relationship
to the modern problems in these domains, as in both sciences — especially
in physics — such striking advances have been registered during recent
decades, that many issues of Helmholtz’ epoch have now sunk below the
horizon of a changed range of vision.

Precisely in the domain of physics, the area of his greatest talents, his
most ardent interests and his most brilliant achievements, it is unmistak-
ably evident that this extraordinary man was more of a perfector than
a stimulator and pioneer. His classic works on physics — one may for
example recall the energy principle or his work on vortex motions —
stand at the end of lines of development. They may thus give a secure
foundation for possible fresh developments, but modern physics, though
gratefully accepting the foundations created in the “classical” era, must
above all search for solutions to its own new burning issues, and looks
upon these writings as something lying outside the range of its own
problems. It could naturally be that some future physics will have to
turn again to Helmholtz’ conceptions and bring seeds hidden within them
to fruition. But his work seems for science at its present stage to be
something completed and left behind.

There is only one field, but a very important one, to which this does
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not apply: it does not hold for Helmholtz’ epistemological studies. The
problems which Helmholtz dealt with as an epistemologist do not merely
project from his time into our own, but have today in part been aroused
to a new and more intensive life, because of their acquiring a significance
which was then not yet foreseen. They are namely the problems of the
ultimate foundations of mathematical knowledge, which Kant already
felt to contain the key to the problem of knowledge in general, and which
today are of much more central interest than they were in Helmholtz’
time.

Helmholtz encountered these issues from the aspect which concerns the
physiology of the senses, Riemann from the mathematical aspect, while
modern research encountered them starting from the physical aspect. It
is in this last way that their great philosophical significance has become
most clearly apparent at the present time, and aroused general attention.
Yet Helmholtz was already fully conscious of it, and he correspondingly
made a point of disseminating the results of these “metamathematical”*
investigations amongst wider circles through popular lectures. Even to-
day his presentation is still eminently suitable as an introduction to these
matters, and for making accessible the range of issues of non-Euclidean
geometry, issues which in the modern theory of relativity have acquired
such direct significance for the understanding of the physical structure
of the universe. The general theory of relativity has brought a magnifi-
cent confirmation of the real significance of Riemann’s and Helm-
holtz’ trains of thought, which were formerly exposed to considerable
hostility and which have often enough been portrayed, even up to the
present, as an empty play with concepts, without possible application to
the actual world.

Thus it is above all through Helmholtz’ writings on the theory of
geometrical knowledge, that the ideas of this outstanding mind can be
kept alive in contemporary thought. They had to take up a large part
of this volume. Helmholtz dealt with these problems in close connexion
with certain other epistemological issues, which form one of the most
important ways of access to philosophy, namely the issues of the theory
of perception. His clear and penetrating statements on this theme are

' [Helmholtz’ use of the term ‘metamathematical’ is not related to the current one.]
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not unjustly counted as classic presentations, which will still continually
be referred to in the future. This aspect too of Helmholtz’ creativity had
to be considered as fully as possible in our edition, if this was to fulfil its
purpose and offer a selfcontained whole.

Even if his hundredth birthday had not given an external occasion
for a summary edition of Helmholtz’ epistemological studies, it would
be timely for internal reasons. If modern natural science sees itself
compelled, by the logical universality of its principles, to resume the
closest constact with philosophy, Helmholtz here anticipated it in an
unphilosophical age. His name symbolises a fruitful union of science
with an epistemologically oriented philosophy, of which he said in a
famous passage (Vortrdge und Reden, 5th ed., vol. I, p. 88) that its only
intention was ‘‘to examine the sources of our knowledge and the degree
of its justification, a task which will always be the preserve of philosophy
and which no era can evade with impunity”.

Thus, stimulated by Dr. Berliner, the editor of Naturwissenschaften,
to whom thanks are due, the editors gladly undertook the task whose
outcome is now presented in this volume.

The supreme criterion guiding our selection and elucidation of Helm-
holtz’ writings was to have regard to the topic involved, the problems
under discussion. We are not concerned with historical or philological
questions, thus not with tracing the chronological development of
Helmholtz’ views, nor with critically sifting the literature on Helmholtz,
nor either with exhaustively reproducing or enumerating all of the
passages where Helmholtz discussed some given epistemological issue.
Instead, his writings are here offered anew for the sake of the truth that
is contained in them, or can be gained from them.

Helmholtz frequently dealt with one and the same theme a number
of times, and sometimes so uniformly as to repeat, word for word,
lengthy statements from one presentation in another. For this reason
alone, the indiscriminate reprinting of all of the epistemological passages
in his works would not have served the purpose of this volume. After
examining the whole of the material, we selected the papers now put
together here, because they contain the most complete and also most
fully clarified and rounded off presentation of Helmholtz’ thoughts on
epistemology. Only at relatively few points was it necessary to adduce
passages from other writings of Helmholtz, in order to give a truly
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complete picture of his epistemology. Such passages have been repro-
duced and put to use in our comments.

Our commentary too was governed purely by the criterion of the
topic involved. As complete and faithful a reproduction and elucidation
of Helmholtz’ opinions as possible was not striven after for its own sake,
but serves throughout the purpose of knowledge and truth alone. For
this reason, mere remarks had to be supplemented by amplifications
and even occasional corrections.

It was above all important to relate Helmholtz’ thoughts to the present
state of research. Many remarks were the occasion of taking a look at
modern problems, and it conformed precisely with the purpose of this
book that we should not avoid such points of contact with present
issues. However, we hope that the comments will not be found to take
up too much room in relation to the text, but that they will rather enhance
than diminish the effect of the master’s words.

It has been our endeavour to make this volume basically intelligible
to the general public, that is, it is essentially directed at a circle of readers
of the same kind as the one that Helmholtz’ popular addresses and
lectures presupposed. But it would not have been justified to leave out
everything that could only be understood by professionals, just so as
not to violate the principle of popularity. The purpose of this edition
required rather that one should also go into the rigourously scientific
foundation given by Helmholtz. This is why, for example, the short
mathematical paper ‘On the Facts Underlying Geometry’ was also
included. Its publication in this context seemed all the more requisite,
in view of the extraordinary interest encountered by H. Weyl’s recent
new edition of the study by Riemann on the same theme.

In our remarks too, at a number of points, it was necessary to go
beyond the needs of the non-professional; thus there are certain com-
ments (even on the popular writings) which are intended more for the
expert. However, it was not necessary to distinguish in some special
way the non-popular parts of the book, since the reader who is not
interested in particular issues will naturally discover them imme-
diately in any case, and can disregard them.

Each of the two editors has placed his initials under those parts of the
commentary for which he assumes responsibility (M. S. for I and 1V,
P. H. for II and III). Yet this is not meant to indicate a strict division of



FOREWORD, 1921 XXXVII

work. We have rather worked together, as far as it was possible by
correspondence, and exchanged views on particular issues. How-
ever, external reasons — especially the short time available, and internal
ones — stemming from occasional divergences of our epistemological
opinions, seemed to indicate a division of responsibility in the way
stated. If for this reason one or another issue is brought up twice, this
should not detract from the purpose of the book, but be rather of
advantage, as the same topic always becomes clearer when illuminated
from different aspects.

The numbering of the comments starts afresh with each paper.
Wherever a remark on another paper is cited, this is therefore always
referred to by a Roman numeral indicating the essay concerned (e.g.
note 11.25).

On particular issues we have occasionally been helped by friendly
advice from Geheimrat F. Klein, Dr. Bernays and Dr. Behmann of
Gottingen, Professor Engel of Giessen and Professor Katz of Rostock.
We wish to express our sincere thanks to them here, as well as to Ge-
heimrat C. Stumpf of Berlin, through whose good offices we were
able to use, for this present edition, B. Erdmann’s posthumous work
Die philosophischen Grundlagen von Helmholtz’ Wahrnehmungstheorie
[The philosophical foundations of Helmholtz’ theory of perception]
before its publication in the Abhandlungen der preussischen Akademie
der Wissenschaften.

We hope the guide lines followed in our edition will prove convenient
in using the book, whether for private reading or for exercises in philo-
sophical seminars. May both scholars and students always continue to be
able to find a rich source of intellectual profit and pleasure in their
dealings with Helmholtz the epistemologist!

P.H. & M.S.

Gattingen and Rostock, 1921



CHAPTER 1

ON THE ORIGIN AND SIGNIFICANCE OF THE
AXIOMS OF GEOMETRY

(Vortrdge und Reden, 5th ed., vol. I1, pp. 1-31)

The fact that a science like geometry can exist, and can be built up in the
way it is, has necessarily demanded the closest attention of anyone who
ever felt an interest in the fundamental questions of epistemology. There
is no other branch of human knowledge which resembles it in having
seemingly sprung forth ready-made, like a fully armed Minerva from the
head of Jupiter, none before whose devastating aegis dispute and doubt
so little dared to lift their eyes. In this it wholly escapes the troublesome
and tedious task of gathering empirical facts, as the natural sciences in the
narrower sense are obliged to, but instead the form of its scientific proce-
dure is exclusively deduction’. Conclusion is developed from conclusion,
and yet nobody in his right mind ultimately doubts that these geometrical
theorems must have their very practical application to the actuality
surrounding us. In surveying and architecture, in mechanical engineering
and mathematical physics, we all constantly calculate the most varied
kinds of spatial relationships in accordance with geometrical theorems.
We expect the issue of their constructions and experiments to be subject
to these calculations, and no case is yet known in which we were deceived
in this expectation, provided we calculated correctly and with sufficient
data.

Thus in the conflict over that issue which forms, as it were, the focus
of all the oppositions between philosophical systems, the fact that
geometry exists and achieves such things has always been used to prove,
as an impressive example, that knowledge of propositions of real con-
tent is possible without recourse to a corresponding basis taken from
experience. In answering especially Kant’s famous question ‘“How are
synthetic a priori propositions possible?”, the axioms of geometry
probably constitute the examples which seem to show most evidently,
that synthetic propositions a priori are in general possible 2. The circum-
stance that such propositions exist, and necessarily force our assent, is
moreover for him a proof that space is a form, given a priori, of all outer
intuition3. By that he seems to mean not merely that this form given



2 CHAPTER

a priori has the character of a purely formal scheme, in itself devoid of
any content*, and into which any arbitrary content of experience would
fit. Rather, he seems also to include certain details in the schema whose
effect is precisely that only a content restricted in a certain lawlike way
can enter it, and become intuitable for us*.

It is precisely this epistemological interest of geometry which gives
me the courage to speak of geometrical matters in a gathering of whose
members only the smallest proportion have penetrated more deeply into
mathematical studies than their school days required. Fortunately, the
knowledge of geometry which is normally taught in high school will
suffice to convey to you the sense, at least, of the propositions to be
discussed in what follows.

My intention is namely to give you an account of a recent series of
interconnected mathematical studies, which concern the axioms of
geometry, their relations to experience, and the logical possibility of
replacing them with others. The relevant original studies of the mathe-
maticians are, in the first instance, intended only to provide proofs for the
experts in a field which demands a higher capacity for abstraction than
any other, and are fairly inaccessible to the non-mathematician. So I
shall try to give even such a person an intuitive conception of what is
involved. I hardly need remark that my discussion is not meant to give
any proof of the correctness of the new insights. Whoever seeks this must
simply take the trouble to study the originals.

If a person once enters geometry, in other words the mathematical
theory of space®, by the gates of its first elementary propositions, he
faces on his further journey the unbroken chain of conclusions of which
I spoke already. Through them, successively more numerous and compli-
cated spatial forms receive their laws. But in those first elements are

* In his book Uber die Grenzen der Philosophie [“On the limits of philosophy”], W. Tobias
claims that some previous utterances of mine to a similar effect were a misunderstanding
of Kant’s opinion. But Kant specifically quotes the propositions that the straight line is
the shortest (Kritik der reinen Vernunft [*“Critique of pure reason”], 2nd ed., p. 16), that
space has three dimensions (p. 41) and that between two points only one straight line is
possible (p. 204), as ones which “express the conditions of sensible intuition a priori”.
Whether these propositions are given originally in spatial intuition, or whether this only
gives the starting points from which the faculty of understanding can develop such prop-
ositions a priori — this being what my critic attaches importance to — is quite irrelevant
here.
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laid down a few propositions concerning which even geometry declares
it cannot prove them, but can only count on the recognition of their
correctness by whoever understands their sense. These are the so-called
axioms of geometry.

If we call the shortest line that can be drawn between two points a
straight line, then there is firstly the axiom that there can only be one
straight line between two points, and not two different ones. It is a
further axiom that a plane can be placed through any three points of
space that do not lie in a straight line, namely a surface which wholly
includes every straight line connecting any two of its points. Another
and a much-discussed axiom asserts that through a point lying outside
a straight line only one single straight line can be drawn parallel to the
first, and not two different ones. Parallel is what one calls two lines
lying in the same plane which never meet, however far they are extended.
Besides this, the axioms of geometry also assert propositions which
specify the number of dimensions of both space and its surfaces, lines
and points, and which elucidate the concept of the continuity of these
formations. Such are the propositions that the limit of a body is a surface,
the limit of a surface is a line, the limit of a line is a point, and a point is
indivisible. And also the propositions that a line is described by the
motion of a point, a line or a surface by the motion of a line, a surface or a
body by the motion of a surface, but only another body by the motion of
a body®.

Where do such propositions come from, being unprovable and yet
indubitably correct in the domain of a science in which everything else
has submitted to the authority of inference’? Are they an inheritance
from the divine source of our reason, as the idealist philosophers®
believe, or have earlier generations of mathematicians merely not
yet had sufficient ingenuity to find the proof? Every new disciple of
geometry, coming to this science with fresh zeal, naturally tries to be
the fortunate one who outdoes all his predecessors. It is also quite
proper that everyone should have a try at it afresh, since in the situation
to date one could only convince oneself by one’s own fruitless attempts
that the proof was impossible®. Unfortunately, there still arises the
occasional obsessive searcher who entangles himself for so long and so

' [This is strictly speaking not Euclid’s postulate (axiom) of parallels, but a common sub-
stitute for it.]
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deeply in intricate reasonings that he can no longer discover his mis-
takes, and believes he has found the solution. The axiom of parallels
especially has evoked a large number of apparent proofs.

The greatest difficulty in these investigations has been, and still is,
that so long as the only method of geometry was the intuitive method
taught by Euclid !°, it was all too easy to intermix results of everyday
experience, as apparent necessities of thought, with the logical develop-
ment of concepts. Proceeding in this way, it is in particular extraordin-
arily difficult to ascertain that one is nowhere involuntarily and un-
knowingly helped, in the steps which one successively prescribes for the
demonstration, by certain very general results of experience, which have
already taught us practically that certain prescribed parts of the proce-
dure can be carried out.

In drawing any subsidiary line in any proof, the well-trained geo-
meter always asks whether it will indeed always be possible to draw a
line of the required kind. Constructional tasks, as is well known, play
an essential role in the system of geometry. Viewed superficially, these
seem to be practical applications which have been inserted as an exercise
for pupils. But in truth they ascertain the existence of certain structures.
They show that points, straight lines or circles such as those whose
construction is required as a task, are either possible under all con-
ditions, or characterise the exceptional cases that may be present.

It is essentially a point of this kind, about which the investigations to
be discussed in what follows turn. In the Euclidean method, the basis
of all proofs is demonstration of the congruence of the relevant lines,
angles, plane figures, bodies, and so on. In order to make the congruence
intuitive, one imagines the relevant geometrical structures moved up to
each other!!, naturally without changing their form and dimensions.
That this is in fact possible, and can be carried out, is something we have
all experienced from earliest youth onwards. But if we want to erect
necessities of thought upon this assumption, that fixed ' spatial struc-
tures can be moved freely without distortion to any location in space,
then we must raise the question of whether this assumption involves any
presupposition which has not been logically proved. We shall soon see
below that it does in fact involve one, and indeed one of far-reaching

! [Helmholtz’ use of ‘fest’ (“fixed’) instead of ‘starr’ (‘rigid’) is alluded to in note 31 below.]
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implications. But if it does, then every congruence proof is supported by
a fact drawn only from experience?2.

I bring up these considerations here in order, in the first place, only
to make clear what difficulties we stumble upon, when we analyse fully
all of the presuppositions made by us in using the intuitive method.
We escape them, if in our investigation of basic principles we employ
the analytic method!® developed in modern calculative geometry.
The calculation is wholly carried out as a purely logical operation®®.
It can yield no relationship between the quantities subjected to the
calculation, which is not already contained in the equations forming
the starting point of the calculation. For this reason, the mentioned
recent investigations have been pursued almost exclusively by means
of the purely abstract method of analytic geometry.

Yet it is possible besides this to give to some extent an intuitive con-
ception of the points at issue, now that they have been made known by
the abstract method. This is best done if we descend into a narrower
domain than that of our own spatial world. Let us think of intelligent
beings, having only two dimensions, who live and move in the surface
of one of our solid bodies — in this there is no logical impossibility. We
assume that although they are not capable of perceiving anything out-
side this surface, they are able to have perceptions, similar to our own,
within the expanse of the surface in which they move. When such beings
develop their geometry, they will naturally ascribe only two dimensions
to their space. They will ascertain that a moving point describes a line
and a moving line a plane, this being for them the most complete spatial
structure of their acquaintance. But they will as little be able to have
any imagination of a further spatial structure that would arise if a surface
moved out of their surface-like space, as we are of a structure that
would arise if a body moved out of the space known to us.

By the much misused expression ‘to imagine’ ' or ‘to be able to
think of how something happens’ , I understand !° that one could depict
the series of sense impressions which one would have if such a thing
happened in a particular case. I do not see how one could understand
anything else by it without abandoning the whole sense of the expres-
sion. But suppose no sense impression whatsoever is known that would

* [See Translator’s Note.]
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relate to such a never observed process as for us a motion into a fourth
dimension of space, or for the surface beings a motion into the third
dimension known to us. Then no such ‘imagining’ is possible, just as
little as someone absolutely blind from youth will be able to ‘imagine’
colours, even if he could be given a conceptual description of them.

The surface beings would besides also be able to draw shortest lines
in their surface space. These would not necessarily be straight lines in
our sense, but what in geometrical terminology we would call geodetic
lines of the surface on which they live, ones which will be described by
a taut thread applied to the surface and able to slide freely upon it. In
what follows, I shall permit myself to term such lines the straightest
lines'® of the relevant surface (or of a given space), in order to emphasise
the analogy between them and the straight line in a plane. I hope this
intuitive expression will make the concept more accessible to my non-
mathematical listeners, but without causing confusions.

If moreover beings of this kind lived in an infinite plane, they would
lay down precisely our planimetric geometry. They would maintain that
only one straight line is possible between two points, that through a
third point lying outside it only one line parallel to the first can be
drawn, that furthermore straight lines can be extended infinitely without
their ends meeting again, and so on. Their space might be infinitely
extended. But even if they encountered limits to their motion and per-
ception, they would be able to imagine intuitively a continuation beyond
those limits. In imagining this, their space would seem to them to be
infinitely extended just as ours does to us, although we too cannot leave
our earth with our bodies, and our sight only reaches as far as fixed
stars are available.

But intelligent beings of this kind could also live in the surface of a
sphere. For them, the shortest or straightest line between two points
would then be an arc of the great circle through the points in question.
Every great circle through two given points is divided thereby into two
parts. When their two lengths are not equal, the shorter part is certainly
the unique shortest line on the sphere between these two points. But the
other and greater arc of the same great circle is also a geodetic or straight-
est line, meaning that each of its smaller parts is a shortest line between
its two endpoints. Because of this circumstance, we cannot simply
identify the concept of a geodetic or straightest line with that of a shortest
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line. If moreover the two given points are endpoints of the same diameter
of the sphere, then any plane through this diameter intersects the surface
of the sphere in semicircles, all of which are shortest lines between the
two endpoints. So in such a case there are infinitely many shortest lines,
all equal to each other, between the two given points. Accordingly, the
axiom that only one shortest line exists between two points would not
be valid, for the sphere dwellers, without a certain exception.

Parallel lines would be quite unknown to the inhabitants of the sphere.
They would maintain that two arbitrary straightest lines, suitably ex-
tended, must eventually intersect not in just one point, but in two. The
sum of the angles in a triangle would always be greater than two right
angles, and would increase with the area of the triangle. For just that
reason, they would also lack the concept of geometrical similarity of
form between greater and smaller figures of the same kind, since a
greater triangle would necessarily have different angles from a smaller
one'’. Their space would be found to be unbounded, yet finitely extended,
or at least would have to be imagined to be such.

It is clear that the beings on the sphere, though having the same
logical capabilities, would have to lay down a quite different system of
geometrical axioms from what the beings in the plane would, and from
what we ourselves do in our space of three dimensions. These examples
already show us that beings, whose intellectual powers could correspond
entirely to our own, would have to lay down different geometrical
axioms according to the kind of space in which they lived.

But let us go further, and think of intelligent beings existing in the
surface of an egg-shaped body. Between any three points of such a
surface one could draw shortest lines, and so construct a triangle. But
if one tried to construct congruent triangles at different locations in this
surface, it would be found that the angles of two triangles having equally
long sides would not turn out to be equal. A triangle drawn at the
pointed end of the egg would have angles whose sum differed more
from two right angles, than would a triangle with the same sides drawn
at the blunt end. It emerges from this, that even such a simple spatial
structure as a triangle, in such a surface, could not be moved from one
location to another without distortion. It would be found equally, that
if circles of equal radii (the length of the radii being always measured by
shortest lines along the surface) were constructed at different locations
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in such a surface, their periphery at the blunt end would turn out to be
greater than at the pointed end.

It also follows from this, that it is a special geometrical property of a
surface to be such that the figures lying in it can be displaced freely
without altering any of their angles or lines as measured along the surface,
and that this will not be the case on every kind of surface. The condition
for a surface’s having this important property was already established
by Gauss in his famous essay on the curvature of surfaces. The condition
is that what he called the ‘measure of curvature’ , namely the reciprocal
of the product of the two principal radii of curvature, should have the
same magnitude throughout the whole expanse of the surface.

At the same time, Gauss showed that if the surface is bent without
being stretched or shrunk in any part, this measure of curvature is not
altered. Thus we can roll up a flat sheet of paper into a cylinder or cone
without any alteration in the measurements of figures on the sheet, if the
measurements are taken along its surface. And equally we can roll
together the hemispherical closed half of a pig’s bladder into the form of
a spindle, without altering the measurements in this surface itself. The
geometry on a plane will therefore also be the same as that in a cylin-
drical surface. We must only imagine in the latter case that many layers
of this surface lie without limit on top of one another, like the layers
of a rolled-up sheet of paper, and that with every complete circuit round
the circumference of the cylinder one enters another layer, different
from the one in which one was before.

These observations are necessary, in order to give you an idea of a
kind of surface whose geometry is on the whole similar to that of the
plane, but for which the axiom of parallels does not hold. It is a kind
of curved surface which behaves in geometrical terms like the contrary
of a sphere. For this reason the outstanding Italian mathematician
E. Beltrami*, who investigated its properties, called it the pseudo-
spherical surface. It is a saddle-shaped surface, of which only bounded
pieces or strips can be displayed as a connected whole in our space.
However, one can think of its being continued infinitely in all directions,

* Saggio di Interpretazione della Geometria Non-Euclidea, [**An essay at interpreting non-
Euclidean geometry”], Naples, 1848. “Teoria Fondamentale degli Spazii di Curvatura
Costante”, [“The fundamental theory of spaces of constant curvature”], Annali di Mate-
matica, 2nd series, I, 232-255.
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since one can think of taking each surface portion lying at the boundary of
the constructed part of the surface, pushing it back towards its middle,
and then continuing it'®. A surface portion displaced in this process
must change its flexure but not its dimensions, just as one can push a
sheet of paper back and forth on a cone which has arisen by rolling a
plane up together. Such a sheet will everywhere adapt itself to the surface
of the cone, but it must be more strongly bent nearer the tip, and it
cannot be pushed on past the tip in such a way as to remain adapted to
both the existing cone and its ideal continuation beyond the tip.

Pseudospherical surfaces are of constant curvature like the plane and
the sphere, so that every piece of them fits exactly when laid upon any
other part of the surface. Therefore, any figure constructed at one place
in the surface can be transferred to any other place with a form com-
pletely congruent, and with complete equality of all dimensions lying
in the surface itself. The measure of curvature laid down by Gauss,
which is positive for the sphere and equal to zero for the plane, will
have a constant negative value for pseudospherical surfaces, because
the two principal curvatures of a saddle-shaped surface have their
concavities on opposite sides*°.

It is, for example, possible to display a strip of a pseudo-spherical
surface furled up as the surface of a ring. Think of a surface such as
aabb (Figure 1), rotated about its axis of symmetry 4B, in which case
the two arcs ab would describe such a pseudospherical ringlike surface.
The two edges of the surface, above at aa and below at bb, would bend
more and more sharply outwards until the surface was perpendicular
to the axis. It would end there at the rim with infinite curvature. One
could also furl up half of a pseudospherical surface into a calyx-shaped
champagne glass with an infinitely prolonged and tapering stem, as
Figure 2. But the surface is necessarily always limited on one side by an
abrupt edge beyond which a continuous extension is not immediately
realisable. Only if one thinks of each individual portion of the edge being
cut loose and pushed along the surface of the ring or calyx-shaped glass,
can one bring such portions of the surface to locations of different flexure
where they can be extended further.

In this way, the straightest lines of the pseudospherical surface can
also be prolonged infinitely. They do not return upon themselves, like
those of the sphere. There can instead, as on the plane, be only one
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single shortest line between any two given points. But the axiom of
parallels does not hold. Given a -straightest line on the surface and a
point lying outside it, one can find a whole pencil of straightest lines
through the point, none of which intersects the given line even when
prolonged infinitely. They are namely all lines lying between a certain
pair of straightest lines which bound the pencil. One of these meets
the given line when infinitely prolonged in one direction, and the other
in the other direction.

Such a geometry, which drops the axiom of parallels, was moreover
completely elaborated as long ago as 1829 by the mathematician N. J.
Lobatchewsky* in Kazan, using Euclid’s synthetic method ?°. It was
found that this geometrical system could be implemented in a manner
as deductive and as free of contradiction as can that of Euclid. This
geometry accords completely with that of pseudospherical surfaces,
more recently developed by Beltrami.

From all this we see that the assumption, in two-dimensional geometry,
that any figure can be moved in any direction without at all altering its
dimensions in the surface, characterises the surface concerned as being
a plane, a sphere or a pseudospherical surface. The axiom that there
exists only one shortest line between any two points separates the plane
and the pseudospherical surface from the sphere, and the axiom of
parallels divides off the plane from the pseudosphere. These three
axioms are therefore necessary and sufficient, in order to characterise

* Prinzipien der Geometrie [Principles of geometry’], Kazan, 1829-30.
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the surface to which Euclidean planimetric geometry refers as a plane,
as opposed to all other two-dimensional spatial structures.

The distinction between geometry in a plane and on a spherical surface
has been clear and intuitive for a long time. But the sense of the axiom
of parallels could only be understood after Gauss had developed the
concept of surfaces which can be bent without stretching, and therefore
of the possibility of extending pseudospherical surfaces infinitely. We
of course, being inhabitants of a three-dimensional space and endowed
with sense organs for perceiving all of these dimensions, can intuitively
imagine the various cases in which surface-like beings would have to
develop their spatial intuition, because to this end we only have to re-
strict our own intuitions to a narrower domain. It is easy to think away
intuitions which one has. But to imagine with our senses intuitions
for which one has never had any analogue, is very difficult. So when we
go over to three-dimensional space, we are impeded in our powers of
imagination by the structure of our organs and the experiences thereby
acquired, which are only appropriate to the space in which we live.

However, we have also another way of dealing with geometry scien-
tifically. All spatial relationships known to us are namely measurable,
meaning that they can be reduced to the specification of magnitudes
(lengths of lines, angles, areas, volumes). For just this reason, the prob-
lems of geometry can also be solved by looking for the methods of
calculation whereby the unknown spatial magnitudes have to be derived
from the known ones. This occurs in analytic geometry, where all of the
structures of space are only treated as magnitudes and specified by
means of other magnitudes. Our axioms themselves also speak of spatial
magnitudes?!. The straight line is defined as the shortest between two
points — in this one is specifying a magnitude. The axiom of parallels
declares that if two straight lines in the same plane do not intersect (are
parallel), the corresponding angles, or the alternate angles, made by a
third line intersecting them are pairwise equal®. Or it is postulated, in
place of this, that the sum of the angles any triangle is equal to two right
angles. These too are cases of specifying magnitudes.

So one can also start from this aspect of the concept of space, according
to which the situation of any point can be specified by measuring certain

' [A theorem of Euclid closely related to his postulate of parallels.]






